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Abstract 

We present a first example of a fiag vector of a polyhedral sphere that is not the 
flag vector of any polytope. Namely, there is a unique 3-sphere with the parameters 
(/o,/i, A,/a;/ 02 ) = (12,40,40,12; 120), but this sphere is not realizable by a convex 
4-polytope. 

The 3-sphere, which is 2-simple and 2-simplicial, was found by Werner (2009); we 
present results of a computer enumeration which imply that the sphere with these param¬ 
eters is unique. We prove that it is non-polytopal in two ways: First, we show that it has 
no oriented matroid, and thus it is not realizable; this proof was found by computer, but 
can be verified by hand. The second proof is again a computer-based oriented matroid 
proof and shows that for exactly one of the facets this sphere does not even have a diagram 
based on this facet. Using the non-polytopality, we finally prove that the sphere is not 
even embeddable as a polytopal complex. 


1 Introduction 

A lot of work has gone into the characterization of the sets of all /-vectors (/o, /i,..., fd-i) of 
convex d-polytopes, which we denote by /('P'^). Already in 1906, Steinitz [29] characterized 
the /-vectors of 3-polytopes as 

= {(/O, /i, / 2 ) G : /o - /1 + /2 = 2, /2 < 2/0 - 4, /o < 2/2 - 4}. 

Griinbaum [16, p. 131] showed that the affine hull of f(V^) is a hyperplane in determined 
by the Euler equation. Moreover, the /-vectors of the simplicial polytopes, which we denote 
by /(Pf), were characterized completely by McMullen’s “( 7 -conjecture” [21], as proven by 
Billera &: Lee [ 6 ] and Stanley [28]. 

‘The first author was funded by DFG through the RTG Methods for Discrete Structures. Research by the 
second author was supported by the DFG Gollaborative Research Genter TRR 109 “Discretization in Geometry 
and Dynamics”. 
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The flag vector of a polytope, introduced by Bayer & Billera [5] as the “extended /- 
vector,” in general contains considerably more combinatorial information than the /-vector. 
For example, the dimension of the affine hull of the set of flag vectors of d-polytopes, which 
we denote by is a Fibonacci number minus one [5], and thus grows exponentially with 

d. On the other hand, within some important classes of polytopes the /-vector determines 
the flag vector; for example, this holds for 3-polytopes, as well as for simplicial polytopes 
(and thus for simple polytopes, by duality). Thus the results just quoted also characterize 
the flag vector sets fl{V^) and 

While the /-vectors and the flag vectors of 3-polytopes are thus completely understood, 
for 4-dimensional polytopes our knowledge about the sets of /-vectors and of flag vectors is 
rather incomplete. The 2-dimensional coordinate projections of the 3-dimensional set /(P^) 
have been determined completely, see [16, Sect. 10.4 and p. 198c]. A systematic study of the 
4-dimensional set was started by Bayer [4]; see also [17] and [34, 35]. But there are still 

open questions, e.g. those related to the fatness. While there are 3-spheres of arbitrarily large 
fatness, this is not known for 4-polytopes [35]. On the other hand, there is a lower bound for 
the fatness of 4-polytopes, but we do not know whether this also holds for 3-spheres [35]. 

A d-sphere is a regular CW d-sphere with the intersection property (i.e. any two faces 
intersect in a common face). We call a d-sphere polyhedral if in addition it is PL and all facets 
are polytopal. However, all 3-spheres are PL, since all 3-manifolds are [23, Sec. 36], and all 
facets (2-spheres) are polytopal by Steinitz’ Theorem [30, 31], as their graphs are planar and 
2-connected for any regular CW complex, and the intersection property then implies that 
they are 3-connected. Hence, all 3-spheres are polyhedral and we will simply refer to them 
as 3-spheres. 

As polyhedral spheres appear very naturally in any attempt to enumerate combinatorial 
types of polytopes (see e.g. Griinbaum [16, Sects. 3.3, 5.5], Bokowski & Sturmfels [11]), one 
must ask whether the characterizations of sets of /- resp. flag vectors extend to polyhedral 
spheres, that is, whether 

/(5''-i) = /(P'") and fi{S'^-^) = MV^) ? (*) 

Steinitz’s theorem [30] [31] in essence proves that = P^. The question whether 
f{Sg~^) = f{Vs), or equivalently f£{Sg~^) = /^(Pf), amounts to the “^-conjecture for 
spheres”: McMullen’s conjectured answer from [21] is “yes”; this is known to hold for d < 5, 
as a consequence of the lower bound theorem for spheres, proven by Barnette [3], and the 
sufficiency part of the g(-Theorem for polytopes, due to Billera & Lee [6]. 

Up to now all available evidence with respect to the question (*) was positive. There 
are many simplicial 3-spheres (but also non-simplicial ones) that are non-polytopal, that is, 
not combinatorially equivalent to the boundary complex of a 4-polytope, so Pg ^ and 
consequently Vf ^ ‘5^“^ for all d > 4. Indeed, most (d — l)-spheres are non-polytopal for 
d > 4, as can be seen by comparison of Goodman Sz Pollack’s upper bounds on the numbers 
of combinatorial types of polytopes [15] with the lower bounds for spheres by Kalai [20] and 
Pfeifle &L Ziegler [27]. However, all the non-polytopal 3-spheres studied so far turned out 
to have an /-vector (and even flag vector) that is also the /- (resp. flag) vector of some 
4-polytope: This was observed repeatedly, from the first examples (such as the Bruckner 
and Barnette spheres, see e.g. Griinbaum [16, Sect. 11.5] and Ewald [13, Sect. HI.4]) to the 
systematic enumerations of spheres with few vertices by Altshuler et al. (see e.g. [2] as well 
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as [16, p. 96b]). 

Here we establish, for the hrst time, that does not hold in general: 

Indeed, this fails for d = A. For this we exhibit a specihc flag vector in fi{S^) \ 

This flag vector belongs to a 2-simple 2-simphcial 3-sphere {2s2s sphere, for short): A 
4-polytope or 3-sphere is 2-simple if every edge lies in exactly three facets, and 2-simplieial if 
every 2-face has exactly three vertices. The 2s2s property is closed under duality. The 2s2s 
4-polytopes were introduced by Griinbaum [16, Sect. 4.5]. This fascinating class of polytopes 
includes the hypersimplex and the 24-cell. It appears naturally in the study of (see 

Bayer [4] , Ziegler [34] [35] , and Paffenholz & Werner [25] ). The flag vectors of 2s2s 3-spheres/ 
4-polytopes are of the form 

(/o,/i,/2,/3;/o2) = (n,m,m,n;3m), 

and any 3-sphere/4-polytope with such a flag vector is 2s2s. In particular, within the class 
2s2s the /-vector determines the flag vector. (Here and in the following we only list part of the 
full flag vector: Ah other components are determined by the generalized Dehn-Sommervihe 
equations of Bayer &: Bihera [5].) However, there are 2s2s and non-2s2s polytopes which have 
the same /-vector: See Paffenholz & Ziegler [26, Cor. 4.3] for examples. Our main result is 
that there is a specihc 2s2s 3-sphere that is non-polytopal and at the same time unique for 
its hag vector. 

Theorem 1.1. There is a unique polyhedral 3-sphere, but no eonvex 4-polytope, with flag 
veetor given by 

(/o, /i, / 2 , /s; / 02 ) = (12,40,40,12; 120). 

Thus, the set of flag veetors of 4-polytopes is a proper subset of the set of flag veetors of 
3-spheres: 

fi{V^) C f£{S^). 

Proof. Any 3-sphere with the given hag vector is necessarily 2-simphcial, as /02 = 3 / 2 , and it 
is 2-simple as /13 = /02 = 3/i. A 3-sphere W 12 with this hag vector was discovered in 2009 by 
Werner [32, Table 7.1 left] in the course of his partial enumeration of shehable 2s2s 3-spheres 
with 12 vertices. In Section 2 we report about a complete enumeration of 2s2s 3-spheres with 
at most 12 vertices, which yields that Werner’s 3-sphere is the only sphere with this hag 
vector. Finally, in Section 3 we prove that this sphere does not have an oriented matroid, so 
in particular it is not polytopal. □ 

We will present an alternative proof of the non-polytopality of in Section 4. In 
Proposition 4.1 we show that the sphere does not have a diagram based on the facet F 12 , 
which implies that is non-polytopal. Based on the non-polytopality, we show in Section 
5 that the sphere cannot be realized as a polytopal complex in any W^. 

We conjecture that also f{V^) ^ /(‘5^), but we have not proved that. In particular, we 
know of no 4-polytope with the /-vector (/o, /i, / 2 , /a) = (12,40,40,12). As Marge Bayer has 
pointed out to us, any 3-sphere with this /-vector would be “close” to being 2s2s, as it must 
satisfy 120 = 3/2 < /02 < 130 by [4, Thm. 2 (3)]. 

We would also assume that fl{V'^) ^ fl{S'^~^) holds for all d> 4, but again this does not 
seem to follow immediately from our results. 
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2 2s2s 3-spheres with few vertices 


The goal of this section is to report about the proof of the following result, which includes 
the uniqueness claim in Theorem 1.1. 

Theorem 2.1. The following is a complete list of combinatorial types of 2-simple 2-simplicial 
3-spheres with at most 12 vertices. 


#vert. 

name 

flag vector 

reference 

realization / polytope 

5 

A 5 

(5,10,10, 5; 30) 


simplex 

9 

Wg 

(9,26,26,9; 78) 

[32] 

[32, Thm. 4.2.2] 

10 

Wio 

A 4 ( 2 ) 

A 4 ( 2 )* 

(10,30,30,10; 90) 
(10,30,30,10; 90) 
(10,30,30,10; 90) 

[25, Sect. 4.1] 

[16, p. 65] 

[25, Sect. 4.1] 
hypersimplex 
dual of A 4 ( 2 ) 

11 

Pn 

(11,34, 34,11; 102) 

[25, Sect. 4.1] 

[25, Sect. 4.1] 

12 


(12,39,39,12; 117) 
(12,40,40,12; 120 ) 

[32, Tbl. 7.1 right] 
[32, Tbl. 7.1 left] 

[ 22 , Sect. 4.2] 
none: see Sect. 3 


All of these, except for the hypersimplex and its dual, are self-dual. 


This improves upon results of Werner [32] , who classified the 2s2s 3-polytopes with /o < 
9 vertices [32, Thm. 7.2.13]. He also performed a computer enumeration that produced 
all shellable 2s2s 3-spheres with /o < 11. For /o = 12 Werner’s computations remained 
incomplete due to constraints in computing power; however, his incomplete enumeration 
produced the two spheres mentioned above. One of these spheres, VFfI, was realized as a 
4-polytope by Miyata [22]. 

2.1 The enumeration algorithm 

For a 3-sphere S we define the p-vector p{S) = {p 4 ,P 5 ,.. •), where pi is the number of facets 
of S with i vertices. For any 2s2s 3-sphere with /-vector (n, m, m, n) we have pi = 0 for 
2i — 4 > n, since a facet with i vertices is a simplicial 3-polytope with 2i — 4 faces and thus 
has 2i — 4 neighboring facets. In particular, for n = 12 we have Pi = 0 for i > 7. Moreover, 
we have J2i>4Pi = — 4:)pj = 2m. This yields a finite list of possible p-vectors 

for any possible /-vector. For example, for / = (12,40,40,12) there are exactly 23 potential 
p-vectors that satisfy the three restrictions. To enumerate all 2s2s 3-spheres with a given 
number n of vertices, note that 


2n < m < ^n{n3). (Ml) 

While the lower bound is trivial, the upper bound stems from [4, Thm. 2 (3)]. 

We have designed and implemented an enumeration algorithm in order to produce, for 
each p-vector, one symmetry representative of each set system (of vertex sets of facets) that 
has the given p-vector and is proper in the sense that it satisfies 

(11) the intersection of two facets contains either 0, 1 or 3 vertices, 

( 12 ) the intersection of three facets contains at most 2 vertices, and 

(13) the intersection of four facets contains at most 1 vertex. 
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This is where we crucially use the fact that we are looking for 2s2s 3-spheres only. The 
resulting lists are then checked for being Eulerian lattices of rank 5. 

The idea for symmetry breaking in the enumeration, and thus for avoiding to produce 
re-labelled versions of the same facet lists too often, was to fix the labelling of the vertex set 
of a facet of maximal size i, and then to assign step by step vertex labels to a remaining facet 
of maximal size. It turned out that in some cases even more facets could be fixed, or at least 
had up to re-labelling only few distinct possibilities. In particular this was the case whenever 
P7 > 0. 

Algorithm 2.2. find_facet_lists(p) 

INPUT: p-vector (p 4 ,P 5 ,...) 

OUTPUT: the facet lists of all 2s2s rank 5 Eulerian lattices with this p-vector up to combi¬ 
natorial equivalence 

( 1 ) ind = max{z : p^ > 0 } 

( 2 ) facet_list = {{ 0 ,... ,ind — 1 }} 

(3) Pind — Pind 1 

(4) ind = max{i : pj > 0} 

(5) stc = {{io, • • ■, iind} '■ intersection with facet_list is proper} 

(6) for F G stc: 

(7) facet_list = facet_list U {Ej 

( 8 ) recursively add new facets to the list 

(9) evaluate whenever there are enough facets in the list 

(10) facet_list = facet_list \{F} 

After roughly two weeks of computation on standard linux workstations with altogether 
45 kernels, the algorithm had enumerated all connected 2s2s rank 5 Eulerian lattices with up 
to 12 vertices. This produced exactly the face lattices of the spheres listed in Theorem 2.1, 
and thus proves that theorem as well as the second part of Theorem 1.1. 

We refer to the works by Paffenholz and Werner [24] [25] [32] for information and data on 
2s2s 4-polytopes with more than 12 vertices. 


3 Non-polytopality 

Our approach to prove non-polytopality is via oriented matroids. This is a standard method 
for proving the non-realizability of polytopes as well as of polyhedral surfaces (see for example 
Bokowski &: Sturmfels [11], Bokowski [ 8 ], Bjorner et al. [7, Chap. 8 ]), but as far as we know 
this has always been applied to simplicial polytopes or surfaces, and thus in a setting of 
uniform oriented matroids, with the notable exception of Bremner’s software package mpc 
[12], see Bokowski, Bremner &: Gevay [9, Sect. 7]. (Indeed, David Bremner has confirmed 
the non-existence result of this section using the nuoms function of his package.) Here we 
demonstrate that the oriented matroid method is particularly effective in an example with a 
non-simplicial sphere, and hence for a non-uniform oriented matroid. 

The basic approach is as follows: Any set of points vq, ... ,V]\f G leads to an orientation 
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function x : • • • j ^ {0, +1, —1} by setting 

x{viQ,Vii,- --^Vid) ■= signdet 

This map is a chirotope of rank d + 1. In addition to the condition that its support has to be 
a matroid (which we do not use; cf. [7, Thm. 3.6.2]), this means that 

(Cl) it is alternating, and 

(C2) it satisfies the three term Grassmann-Pliicker relations: For any d — 1 points A = 
(ujg,..., Vi^_^) and four points Va, Vh, Vc, the set 

{ X(A, Va, Vb) ■ X(A, Vc, Vd), -X(A, Va, Vc) ■ X(A, Vb, Vd), x(A, Va, Vd) ■ x(A, Vb, Vc) } 

either equals {0} or contains {—1, +1}. 

If the points vq, ... ,vj\r are supposed to be the vertices of a d-dimensional polytope with a 

prescribed facet list (Fi,... ,Fn), then the map must satisfy the following extra conditions: 

(PI) If Ujp,. .., Vi^ are contained in a facet Fj, then xivio, ■ ■ ■, Vi^) = 0. 

(P2) If uq,..., Vi^ are contained in a facet Fj which does not contain Va or Vb, then 

X(Ua,Uii, . . . = x{Vb,Vi^,.. . ,UiJ. 

Proof of Theorem 1.1 (the non-polytopality part). Werner’s sphere W 12 with the flag vector 
(/o) fi, f 2 , /s; / 02 ) = (12,40,40,12; 120) is given by the following list of facets (where we use 
the vertex labeling of [32, Table 7.1, left]): 


Fi 

{fo 

,V 1 

,V 2 

,V3 

} 


Fj 

{'I'o 

,V5 

,V7 

,V 8 ,U9 

I'lo} 

F 2 

{t’o 

,V 2 

,V3 

,U4 

,V5 

,ve ,V7 } 

Fs 

{ui 

,V 2 

,V3 

,V 4 ,Uio 

I'll} 

F 3 

{t’o 

,Vl 

,V3 

,U4 

,V 8 

,V9 } 

F 9 

{V 2 

,V5 

,V 6 

,V 8 ,U10 

Ull} 

Fi 

{^’0 

,Vl 

,V2 

,ve 

,V9 

,vio} 

Fio 

{ui 

,V 8 

,V9 

, 'I’lO, ^11. 


F 5 

{^’0 

,U4 

,V7 

,V 8 

} 


Fii 

{ui 

,U4 

,V5 

,V7 ,V 8 

Ull} 

Fe 

{^^0 

,V5 

,V 6 



Fi2 

{V2 

,U4 

,V5 

,Vll} 



In order to prove non-polytopality of this sphere, we will show that there is no chirotope 
compatible with its facet list. 

In the sphere, {u 8 ,U 9 ,uio} = F 7 n Fio is the vertex set of a triangle 2-face, so the ver¬ 
tices {u 7 , Us, ug, uio} C Fj Span a tetrahedron, while V 2 ^ Fj. Thus in any realization, we 
have x(^^ 7 )'*^ 10 ) 1 ^ 2 )'Wg) 7 ^ 0. Thus we may fix an orientation of the realization by setting 
x(u 7 . Us, uio, U 2 , ug) := -|-1. Starting with this, we obtain the implications 
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Fr = {?;o, V5, V 7 , vs, vg, ?;io} 




F 3 = {wo,'yi,?^3,'l'4,U8,W9} 

.f 

^11 = {7^1,'y4,7'5,f7,'y8,'yil} 


X{V7 ; 

TS ,^^ 10 : 

?^2 ,'^9 ) 

= 

+1 

X{V7 : 

T 8 


= 

+1 

X{V7 ; 

T 8 

^V4 ,Vg ) 

= 

+1 

X{V7 : 

T 8 ,^^ 10 ; 

Ul ,U 9 ) 

= 

+1 

XivS : 

1 'WlO; ^^ 11 : 

^V 2 ,V9 ) 

= 

-1 

X{V7 : 

T 8 ,'^ 10 ; 

,Vn,V 2 ) 

= 

-1 

X{Vi : 

T 8 ,^^ 10 : 

,vn,V 2 ) 

= 

-1 

X{V% : 

Tl 0;^^2 : 

,"(^9 ) 

= 

+1 

X{V% : 

; 

Ul ,U 9 ) 

= 

+1 

X(V4 : 

Tl 0,^^2 : 

,t’9 ) 

= 

+1 

X(^^4 . 

T 8 ,^^ 10 ; 

^V 2 ,Vl ) 

= 

-1 

Xiv% : 

T7 : 

,1^9 ) 

= 

+1 

X{V% : 

T7 ,Vo , 

U 4 ,Vg ) 

= 

+1 

X(V 8 : 

T7 ,V0 , 

t'4 ,1^5 ) 

= 

+1 

Xiv% : 

T7 : 

t'4 ,'yil) 

= 

+1 

X{V% : 

T7 ,V 0 : 

U 4 ,Ui ) 

= 

+1 

X(^4 : 

T 8 

^V 7 ,vn) 

= 

+1 

X(^^4 . 

T 8 

^V7 ,Vl ) 

= 

+1 

X(V 11 : 

T7 : 

.V4 ,U5 ) 

= 

+1 

X(^^ll: 

.V7 ,V 2 , 

.V 4 ,U5 ) 

= 

+1 

X(V 11 : 

,Vl ,V2 , 

.V4 ,U5 ) 

= 

+1 

X(^^ll: 

,Vl ,V 2 , 

.V 4 ,Vs ) 

= 

+1 

X(^^4 : 

T 8 ,'^ 10 ; 

^Vll,Vl ) 

= 

+1 


{7;i,W8,f9,^^10,Wll} = ^10 

^ Fg = {?; 2 , 1 ' 5 ,l^ 6 , 1 ' 8 ,'yi 0 ,l^ll} = ^9 

{7;o,Wl,'i^2,l^6,'y9,^'lo} = F 4 


]{z)l\i;4,f5,'y7,'y8,7'll} = ^11 

{^^ 0 , V2, V3, V4, V3, Vq, Vr} = F2 

j{'Ui,W4,t>5,z;7,?;8,Uii} = Fii 
'^{l'2,W4,'y5,'yii} = Fi2 

J{ 4 ;i,V 2 ,f 3 ,i^ 4 ,fio,'yii} = Fs 
2{l>l,W4,t’5,'y7,7'8,'yil} = ^’ll 


Note that this chain of arguments uses all facets except for Fi and Fg; all vertices occur except 
for V 3 and vq. 

Given the values of x that we have obtained, the contradiction appears in the three term 
Grassmann-Pliicker relations: 

Let Ai = (uy, vg, uio), ai = U 4 , 61 = un, ci = V 2 , di = vg, 
and A 2 = (u 4 , Us, uio), 02 = uy, 62 = un, C 2 = V 2 , ^2 = fi- 
Then using the marked values of x g^t 


{ A(Ai,ai,6i) • x(Ai,ci,di) 
{(-!)• (+ 1 ) 
{ X{^2, 0,2, h) ■ X{^2, C2, d2) 

{( + l)-(-l) 


x(Ai,ai,ci) • x(Ai,6i,di), 

X(uy,U8,Ul0,U4,U2) • (+ 1 ), 

x{^2, 02 , 02 ) ■ x{^2,b2,d2), 

X(u4,U8,Uio,Uy,U2) • (+1), 


x(Ai,ai,di) • x(Ai,6i,ci) } 

(+ 1 ) •(-!)}; 

X{M,02,d2) ■ x(A 2 ,^ 2 ,C 2 ) } 
(+!)• (-!)}• 


Thus both sets contain —1, while by the alternating property of x not both of them can 
contain +1. Therefore, there is no chirotope and hence no oriented matroid for the sphere 
lTj^ 2 ) so it is not polytopal. □ 
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4 Diagrams 


A different approach to show non-polytopality of a sphere is to show that for some facet it does 
not have a diagram with this facet as base (see [13, Sec. III.4], [16, Sec. 3.3], or [33, Lecture 5] 
for details about diagrams). In [13] this approach was used to demonstrate non-polytopality 
of the Barnette sphere. 

We have constructed diagrams for the sphere W /2 with facets Fi,... ,Fii as bases. How¬ 
ever, the facet F 12 , which is also the only facet without a simple vertex, is special and does 
not serve as the base of a diagram. As an example, we show here the diagram with F 2 as 
base. Note that due to the general position argument, we can choose all coordinates to be 
integers. The rendering was done with JavaView [18]. 


Vo 

= ( 

74, 

20 , 

23) 

Vl 

= ( 

44, 

70, 

47) 

V2 

= ( 

30, 

60, 

110 ) 

V3 

= ( 

28, 

100 , 

39) 

Vi 

= ( 

44, 

120 , 

50) 

V5 

= ( 

91, 

88 , 

102 ) 

vq 

= ( 

44, 

40, 

117) 

V7 

= (104, 

97, 

77) 

V8 

= ( 

83, 

76, 

58) 

Vo 

= ( 

67, 

45, 

46) 

■yio 

= ( 

61, 

44, 

83) 

Ull 

= ( 

60, 

71, 

71) 



Proposition 4.1. The sphere W 12 has a diagram based on every faeet, but not based on F 12 . 


Proof. Again we use oriented matroids, but this time of rank 4, as the diagrams of W 12 live 
in Since is 2-simplicial, we may assume general position of the vertices, and then the 
oriented matroids are uniform. Now, in order to find a diagram or to prove its non-existence, 
we construct a partial chirotope as follows: 


• Take a ridge (triangle) and some other point on a facet that contains this triangle, and 
choose a sign (-|-1 or —1) for the basis. 

• Every ridge defines a plane that separates the two facets containing it. Therefore, the 
sign of the chirotope does not change when we exchange points on the same side, and 
flips otherwise. The only exception to this are the triangles on the boundary, which are 
the facets of the convex hull of the diagram. 

• Use the Grassmann-Pliicker relations to determine further entries of the partial chiro¬ 
tope. 
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The resulting partial chirotopes for the different facets as bases give already the signs of 199 
to 328 elements out of = 495, which is the size of an oriented matroid for a diagram 
of Wi 2 - Using an approach recently introduced by Firsching [14], we used SCIP [1] to find 
coordinates for the diagrams with bases Fi,..., Fn, while in the case of the diagram with 
base Fi 2 we used backtracking to find for every oriented matroid a partial chirotope of size at 
least 435 (i.e. of roughly 87.5%). For all of these partial chirotopes we checked the existence 
of a biquadratic final polynomial (bfp) (see [11, Ch. VII] for an introduction and [10] for 
the algorithm). To find these bfps we used an implementation of the algorithm by Moritz 
Firsching and Arnaul Padrol. The bfps for the partial chirotopes will also be bfps for all 
oriented matroids that would complete this partial chirotope, so in finding bfps at this stage 
we could decrease the size of the search tree by a factor of 2®*^. There were 6098 such partial 
chirotopes. To prove existence of the bfps for all these partial chirotopes, we needed roughly 
one week of computing time on a usual Linux workstation. □ 


5 Embeddability 

At this point we know that the sphere VF/® U non-polytopal, but is it fan-like, embeddable, or 
even star-shaped? These properties of spheres are treated in detail by Ewald [13, Sec. III.5]. 
A polyhedral d-sphere S is fan-like if there exists a complete fan S C together with 

an isomorphism that maps a face T G S' to a cone posT G S. The polyhedral sphere S is 
embeddable if there is a continuous injection (p : jS*] —?■ M"' for some n that has a continuous 
inverse on (/?(j5j), and which maps faces of S to convex polytopes. A polyhedral d-sphere 
is star-shaped if it has an embedding into that defines a fan. Clearly it follows that 

a star-shaped sphere is both fan-like and embeddable. See [13, Sec. III.5] for examples that 
show that there are no other implications between these three properties. However, if S is 
a simplicial sphere, then fan-like and star-shaped are equivalent, and Kalai [19] showed that 
for d > 2 every embeddable simple polyhedral d-sphere is polytopal. 

The sphere Wf^ is fan-like with the following vertex coordinates (resp. rays through the 
following points): 


Vo = ( 

9, 

2 , 

4, 

- 1 ) 

Vo = ( 

-5, 

-9, 

2 , 

-16) 

Vl = ( 

-3, 

14, 

-16, 

6 ) 

V7 = ( 

- 1 , 

2 , 

14, 

- 1 ) 

V2 = ( 

-8, 

- 2 , 

-4, 

-16) 

V8 = ( 

- 1 , 

2 , 

4, 

9) 

^^3 = ( 

1 , 

23, 

- 1 , 

-9) 

vg = ( 

9, 

-7, 

- 12 , 

21 ) 

U4 = ( 

- 1 , 

12 , 

4, 

- 1 ) 

^^10 = ( 

- 6 , 

-13, 

-5, 

- 1 ) 

Vb = ( 

-14, 

- 11 , 

27, 

- 11 ) 

I'll = ( 

-14, 

4, 

1 , 

-3) 


These coordinates were found with the similar methods as we used for finding coordinates for 
the diagrams: From the combinatorics we constructed a partial chirotope of rank 5, and then 
we used SCIP to find coordinates satisfying this. 

However, with the methods from the previous section we were not able to decide whether 
Wf 2 is embeddable or star-shaped. For embeddability the oriented matroid approach will not 
work, since there are infinitely many dimensions to check. In the star-shaped case we did not 
find coordinates, but on the other hand we found an oriented matroid that does not have a 
bfp. 
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Proposition 5.1. The sphere W 12 is not embeddable, and henee it is not star-shaped. 

Proof. This proof heavily depends on the structure of and establishes the following: 

(i) If W 12 is embeddable into some k > 4, then it is also embeddable into 

(ii) If W 12 is embedded into then this is an embedding as convex polytope. 

Let us assume that W 12 is embedded in some that is, it is realized by a polytopal complex 
r (where each of the facets is realized as a convex 3-polytope). 

For (1) we note that V 3 is a simple vertex, that is, a vertex that is contained in only 4 
facets, or equivalently, in only 4 edges. The 4 facets are each contained in the affine span of 
3 of these edges, so all 4 facets are contained in the affine span of the 4 edges. Moreover, 
each of the 12 vertices of the sphere are contained in at least one of the 4 facets, which are 
Fi,F 2 ,Fz and F%. So the complete embedded sphere is contained in this affine 4-dimensional 
subspace of Mf. 

For (ii) note that the argument for (i) implies that in addition each of the facets Fi,F 2 , F3 
and Fg is also a facet of the convex hull of F, that is, all of F is contained in a closed halfspace 
of the hyperplane spanned by the facet, while only the vertices of the facet lie on the boundary 
hyperplane. Exactly the same arguments are valid for the other three simple vertices of IF/2 
and the facets they are contained in, that is, for vq and the facets F 2 ,F 4 ^,Fq and Fg, for U7 
and the facets F 2 , F 5 , Fi and Fn, as well as for vg and the facets ^3,^4, F7 and Fiq. Thus we 
have established for all facets Fi of F, except for the tetrahedron F12, that it is also a facet of 
the convex hull of F. As mentioned above, F12 is special in the way that it is the only facet 
that does not contain a simple vertex. 

To see that also F12 is a facet of the convex hull of F, consider its neighbours F 2 , Fg, 
Fg, and Fn. Since these are all facets of the convex hull of F, they cannot lie in the same 
hyperplane as F12. The facet F2 gives that the vertices vg,v^,v^, and v^ lie on the same side 
of the hyperplane H 12 spanned by F12. Now, the facet Fg contains V 3 , the facet Fg contains 
Vg, and the facet Fn contains vj, whence the points from these facets not in F12 are also all 
on the same side of H 12 . Therefore, we have that all points, except possibly vg, lie in, say, 
Hi 2 - Since Fig is a bipyramid over the triangle ui,ug,uio with apexes vg and un, and since 
uii is in Fi 2, it follows vg G This completes the proof of (ii). □ 
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